The goal of this review paper is to provide a summary of selected discrete element and hybrid finitee discrete element modeling techniques that have emerged in the field of rock mechanics as simulation tools for fracturing processes in rocks and rock masses. The fundamental principles of each computer code are illustrated with particular emphasis on the approach specifically adopted to simulate fracture nucleation and propagation and to account for the presence of rock mass discontinuities. This description is accompanied by a brief review of application studies focusing on laboratory-scale models of rock failure processes and on the simulation of damage development around underground excavations.
Introduction
A large body of experimental research shows that the failure process in brittle rocks under compression is characterized by complicated micromechanical processes, including the nucleation, growth and coalescence of microcracks, which lead to strain localization in the form of macroscopic fracturing (Lockner et al., 1991; Benson et al., 2008) . The evolution of micro-cracking, typically associated with the emission of acoustic energy (AE), results in a distinctive non-linear stressestrain response, with macroscopic strain softening commonly observed under low-confinement conditions (Brace et al., 1966; Bieniawski, 1967; Eberhardt et al., 1997; Martin, 1997) . Furthermore, unlike other materials (e.g. metals), rocks exhibit a strongly pressure-dependent mechanical behavior (Jaeger and Cook, 1976) . A variation of failure mode, from axial splitting to shear band formation, is indeed often observed for increasing confining pressures (Horii and Nemat-Nasser, 1986 ). This variation of failure behavior is reflected in a non-linear failure envelope (Kaiser and Kim, 2008 ) and a transition from brittle to ductile post-peak response (Paterson and Wong, 2004) . At rock mass level, the failure process observed during laboratory-scale experiments is further complicated by the presence of discontinuities, such as joints, faults, shear zones, schistosity planes, and bedding planes (Goodman, 1989) . Specifically, discontinuities affect the response of the intact rock by reducing its strength and inducing non-linearities and anisotropy in the stressestrain response (Hoek, 1983; Hoek et al., 2002) . Furthermore, discontinuities add kinematic constraints on the deformation and failure modes of structures in rocks (Hoek et al., 1995; Hoek, 2006) and cause stress and displacement redistributions to sensibly deviate from linear elastic, homogenous conditions (Hammah et al., 2007) .
Aside from the intrinsic uncertainties associated with the determination of reliable in situ input parameters, the application of numerical modeling to the analysis of rock engineering problems represents a challenging task owing to the aforementioned features of the rock behavior. In particular, the progressive degradation of material integrity during the deformation process, together with the influence of pre-existing discontinuities on the rock mass response, has represented a major drive for the development of new modeling techniques. In this context, the available numerical approaches are typically classified either as continuum-or discontinuum-based methods (Jing and Hudson, 2002) .
The main assumption of continuum-based methods is that the computational domain is treated as a single continuous body. Standard continuum mechanics formulations are based on theories such as plasticity and damage mechanics, which adopt internal variables to capture the influence of history on the evolution of stress and changes at the micro-structural level, respectively (De Borst et al., 2012) . Conventionally, the implementation of continuum techniques is based on numerical methods, such as non-linear finite element method (FEM), Lagrangian finite difference method (FDM) , and boundary element method (BEM), with the incorporation of plasticity-based material models. However, standard strength-based strain-softening constitutive relationships cannot capture localization of failure as the lack of an internal length scale results in the underlying mathematical problem to become illposed (De Borst et al., 1993) . Among the main consequences of adopting a standard continuum to simulate strain localization is the fact that, by doing so, localization occurs in a region of zero thickness and consequently an unphysical mesh sensitivity arises. To overcome these shortcomings, the description of the continuum must account either for the viscosity of the material, by incorporating a deformation-rate dependency, or for the change in the material micro-structure, by enhancing the mathematical formulation with additional terms (De Borst et al., 1993) . The latter technique, known as regularization, includes non-local (e.g. Ba zant and Pijaudier-Cabot, 1988) , gradient (e.g. Mühlhaus and Aifantis, 1991) , and Cosserat micro-polar (e.g. Mühlhaus and Vardoulakis, 1987) models. Alternatively, cohesive-crack models have been proposed under the assumption that damage can be represented by a dominant macro-fracture lumping all non-linearities into a discrete line (e.g. Hillerborg et al., 1976; Ba zant and Oh, 1983) . That is, a fictitious crack concept is employed to represent the effect of a fracture process zone (FPZ) ahead of the crack tip, whereby phenomena such as small-scale yielding, micro-cracking or void growth and coalescence are assumed to take place. For the case of heterogeneous rocks, strain localization has also been successfully simulated by damage models with statistically distributed defects. A number of variations of this approach have been developed for numerical schemes such as FEM (Tang, 1997) , FDM (Fang and Harrison, 2002) , smooth-particle hydrodynamics (SPH) (Ma et al., 2011) , cellular automaton (Feng et al., 2006) , and lattice models (Blair and Cook, 1998) .
Within continuum models, two approaches are commonly employed to account for the presence of rock mass discontinuities. If the number of discontinuities is relatively large, homogenization techniques are typically adopted. The most widely used homogenization approach consists of reducing, within a conventional elasto-plastic model, the rock mass deformation modulus and strength parameters to account for the degrading effect induced by the local geological conditions (Hoek et al., 2002; Hoek and Diederichs, 2006) . More advanced models can also include transversely isotropic elastic response induced by preferably oriented joints (Amadei, 1996) or failure-induced plastic anisotropic behavior (e.g. Mühlhaus, 1993; Dyszlewicz, 2004) . However, the classic homogenization approach is typically limited by the fact that slip, rotations and separation as well as size effects induced by discontinuities cannot be explicitly captured (Hammah et al., 2008) . Alternatively, if the problem is controlled by a relatively low number of discrete features, special interface (or joint) elements can be incorporated into the continuum formulation (e.g. Goodman et al., 1968; Ghaboussi et al., 1973; Wilson, 1977; Pande and Sharma, 1979; Bfer, 1985) . This technique, also known as the combined continuum-interface method (Riahi et al., 2010) , can accommodate large displacements, strains and rotations of discrete bodies. However, it is accurate as long as changes in edge-to-edge contacts along the interface elements are negligible throughout the solution (Hammah et al., 2007) . That is, owing to the fixed interconnectivity between solid and joints and the lack of an automatic scheme to recognize new contacts, only small displacement/rotations along joints can be correctly captured (Cundall and Hart, 1992) .
Discrete (or discontinuous) modeling techniques, commonly referred to as the discrete element method (DEM), treat the material directly as an assembly of separate blocks or particles. According to the original definition proposed by Cundall and Hart (1992) , a DEM is any modeling technique that (i) allows finite displacements and rotations of discrete bodies, including complete detachment; and (ii) recognizes new contacts automatically as the simulation progresses. DEMs were originally developed to efficiently treat solids characterized by pre-existing discontinuities having spacing comparable to the scale of interest of the problem under analysis and for which the continuum approach described above may not provide the most appropriate computational framework. These problems include: blocky rock masses, ice plates, masonry structures, and flow of granular materials. DEMs can be further classified according to several criteria regarding, for instance, the type of contact between bodies, the representation of deformability of solid bodies, the methodology for detection and revision of contacts, and the solution procedure for the equations of motion (Jing and Stephansson, 2007) . Based on the adopted solution algorithm, DEM implementations are broadly divided into explicit and implicit methods. The term distinct element method refers to a particular class of DEMs that use an explicit time-domain integration scheme to solve the equations of motion for rigid or deformable discrete bodies with deformable contacts (Cundall and Strack, 1979a) . The most notable implementations of this group are arguably represented by the universal distinct element code (UDEC) (Itasca Consulting Group Inc., 2013) and the particle flow code (PFC) (Itasca Consulting Group Inc., 2012b) . On the other hand, the best known implicit DEM is the discontinuous deformation analysis (DDA) method (Shi and Goodman, 1988) . Despite the fact that DEMs were originally developed to model jointed structures and granular materials, their application was subsequently extended to the case of systems where the mechanical behavior is controlled by discontinuities that emerge as natural outcome of the deformation process, such as fracturing of brittle materials. Specifically, the introduction of bonding between discrete elements allowed capturing the formation of new fractures and, thus, extended the application of DEMs to simulate also the transition from continuum to discontinuum.
As observed by Bi cani c (2003) , the original boundary between continuum and discontinuum techniques has become less clear as several continuum techniques are capable of dealing with emergent discontinuities associated with the brittle fracture process. In particular, the hybrid approach known as the combined finitee discrete element method (FDEM) (Munjiza et al., 1995; Munjiza, 2004) effectively starts from a continuum representation of the domain by finite elements and allows a progressive transition from a continuum to a discontinuum with insertion of new discontinuities.
The goal of this review paper is to provide a summary of selected discrete element and hybrid finiteediscrete element modeling techniques that have recently emerged in the field of rock mechanics as simulation tools for fracturing processes in rocks and rock masses. Specifically, the commercially available codes PFC (Itasca Consulting Group Inc., 2012b), UDEC (Itasca Consulting Group Inc., 2013) and ELFEN (Rockfield Software Ltd., 2004) as well as the open-source software Yade (Kozicki and Donzé, 2008) and Y-Geo (Mahabadi et al., 2012a) are considered. Also, extensions of the DDA method to simulate fracturing processes are described. For each code, the fundamental implementation principles are illustrated with particular emphasis on the approach specifically adopted to simulate fracture nucleation and propagation and to account for the presence of rock mass discontinuities. The description of the governing principles is accompanied by a brief review of application studies focusing on laboratory-scale models of rock failure processes and on the simulation of damage development around underground excavations. For more extensive reviews of numerical methods in rock mechanics, the reader can refer to the work of Jing and Hudson (2002) and Jing (2003) , with a detailed illustration of fundamentals and applications of DEMs provided by Jing and Stephansson (2007) and Bobet et al. (2009) . Also, a review of modeling techniques for the progressive mechanical breakdown of heterogeneous rocks and associated fluid flow can be found in Yuan and Harrison (2006) .
Discrete element methods
2.1. Particle-based models: the PFC and Yade 2.1.1. Fundamental principles
Particle-based models were originally developed to simulate the micromechanical behavior of non-cohesive media, such as soils and sands (Cundall and Strack, 1979a) . With this approach, the granular micro-structure of the material is modeled as a statistically generated assembly of rigid circular particles of varying diameters. The contacts between particles are typically assigned normal and shear stiffnesses as well as a friction coefficient. The commercially available code PFC represents an evolution of previous particlebased codes, namely BALL and TRUBAL (Cundall and Strack, 1979b) , which applies cohesive bonds between particles to simulate the behaviors of solid rocks. The resultant model is commonly referred to as the bonded-particle model (BPM) for rock (Potyondy and Cundall, 2004) . In a BPM, crack nucleation is simulated through breaking of internal bonds while fracture propagation is obtained by coalescence of multiple bond breakages. Blocks of arbitrary shapes can form as a result of the simulated fracturing process and can subsequently interact with each other.
Two types of bonds are typically used in PFC: the contact bond and the parallel bond. In the contact bond model, an elastic spring with constant normal and shear stiffnesses, k n and k s , acts at the contact points between particles, thus allowing only forces to be transmitted. In the parallel bond model, the moment induced by particle rotation is resisted by a set of elastic springs uniformly distributed over a finite-sized section lying on the contact plane and centered at the contact point (Fig. 1 ). This bond model reproduces the physical behavior of a cement-like substance gluing adjacent particles together.
As further described in the next section, parallel bond rock models have been widely used to study fracturing and fragmentation processes in brittle rocks. However, one of the major drawbacks of this type of model is the unrealistically low ratios of the simulated unconfined compressive strength to the indirect tensile strength for synthetic rock specimens (Cho et al., 2007; Kazerani and Zhao, 2010) ; the straightforward adoption of circular (or spherical) particles cannot fully capture the behavior of complexshaped and highly interlocked grain structures that are typical of hard rocks. Furthermore, low emergent friction values are simulated in response to the application of confining pressure. To overcome these limitations, a number of enhancements to PFC were proposed. Potyondy and Cundall (2004) showed that by clustering particles together (Fig. 2a ) more realistic macroscopic friction values can be obtained. Specifically, the intra-cluster bond strength is assigned a different strength value than the bond strength at the cluster boundary. Cho et al. (2007) showed that by applying a clumped-particle geometry (Fig. 2b ) a significant reduction of the aforementioned deficiencies can be obtained, thereby allowing one to reproduce correct strength ratios, nonlinear behavior of strength envelopes and friction coefficients comparable with laboratory values. More recently, Potyondy (2012) developed a new contact formulation, namely the flat-joint model, aimed at capturing the same effects of a clumped BPM (or of a grain-based UDEC model as described below) with a computationally more efficient method (Fig. 2c) . The partial interface damage and continued moment-resisting ability of the flat-joint model allow the user to correctly match both the direct tensile and the unconfined compressive strengths of a hard rock.
Another issue arising from the particle-based material representation of PFC is the inherent roughness of interface surfaces representing rock discontinuities (Fig. 3a) . This roughness typically results in an artificial additional strength along frictional or bonded rock joints. This shortcoming was overcome by the development of the smooth-joint contact model (SJM) (Mas Ivars et al., 2008) , which allows one to simulate a smooth interface regardless of the local particle topology (Fig. 3b) . The combination of the BPM to capture the behavior of intact material with the SJM for joint network leads to the development of the so-called synthetic rock mass (Mas Ivars et al., 2011) , which aims at numerically predicting rock mass properties, including scale effects, anisotropy and brittleness, that cannot be obtained using empirical methods.
The particle-based code Yade Donzé, 2008, 2009; Smilauer et al., 2010) and (ii) to promote code improvement through open-source development and direct feedback from the scientific community. In its basic formulation, the contact laws implemented in Yade share the same principles of those available in PFC. Small deformations are captured by linear elastic interaction forces between contacting discs/spheres. Rock fracturing is captured by the rupture of bonds, whose strength is characterized by a constant maximum acceptable force in tension and a cohesive-frictional maximum acceptable force in shear. Similar to PFC, the shear strength drops instantaneously to a purely frictional resistance after failure. Conversely, in tension, after the maximum force is reached, the stiffness can be varied by a softening factor, z, controlling the energy released due to bond breakage (Fig. 4a) . Rock discontinuities can be treated in Yade using a contact logic analogous to the SJM of PFC (Fig. 3b) . Specifically, the interactions between bonds crossing a prescribed discontinuity plane are identified and then re-oriented according to the joint surface, thus ensuring a frictional behavior that is independent of the inherent roughness induced by the particle topology. Furthermore, similar to the aforementioned SRM approach, sets of pre-existing discontinuities can be explicitly introduced in a Yade model as three-dimensional (3D) discrete fracture networks . Applications of Yade to the investigation of the fundamentals of brittle rock failure have led to the implementation of an interaction range coefficient, g, which can be used to link particles not directly in contact one with the other, yet located in the neighboring region (Scholtès and Donzé, 2013) (Fig. 4b) . By doing so, the degree of interlocking between particles can be effectively controlled, thus allowing one to accurately model high ratios of compressive to tensile strengths as well as non-linear failure envelopes. This approach represents an alternative to the clumping logic and the flat-joint contact model of PFC.
Main advantages of the particle-based modeling methodology include the simple mathematical treatment of the problem, whereby complex constitutive relationships are replaced by simple particle contact logic, and the natural predisposition of the approach to account for material heterogeneity. On the other hand, considering the high level of simplification introduced, extensive experimental validation is needed to verify that the method can capture the observed macroscopic behavior of rock. Moreover, an extensive calibration based on experimentally measured macroscale properties is required to determine the contact parameters that will predict the observed macro-scale response.
Applications
PFC has been extensively used within the rock mechanics community to numerically investigate the fundamental processes of brittle fracturing in rocks by means of laboratory-scale models. Potyondy et al. (1996) first proposed a synthetic PFC model that could reproduce modulus, unconfined compressive stress, and crack initiation stress of the Lac du Bonnet Granite. Extended results were illustrated by Potyondy and Cundall (2004) with the simulation of the stressestrain behavior during biaxial compression tests for varying confining pressures. Several features of the rock behavior emerged from the BPM, including elasticity, fracturing, damage accumulation producing material anisotropy, dilation, post-peak softening and strength increase with confinement. Since PFC simulates quasi-static deformation by solving the equations of motion, elasto-dynamics effects, such as stress wave propagation and cracking-induced AE, can be explicitly simulated. In this context, Hazzard and Young (2000) developed a technique to dynamically quantify AE in a PFC model. The approach was validated by simulating the seismic b value of a confined test on granite. The aforementioned approach was further improved by introducing moment tensor calculation based on change in contact forces upon particle contact breakage and was applied to the microseismic simulation of a mine-by experiment in a crystalline rock and of an excavation-induced fault slip event . 3D simulations of acoustic activity using PFC3D were proposed by Hazzard and Young (2004) . Diederichs (2003) used PFC simulations to explore the aspects of grain-scale tensile damage accumulation under both macroscopically tensile and compressive conditions. A BPM was employed as numerical analog to study the effects of tensile damage and the sensitivity to low confinement in controlling the failure of hard rock masses in proximity of underground excavations. Application of PFC to determining the fracture toughness of synthetic rock-like specimen was illustrated by Moon et al. (2007) . Analyses of failure and deformation mechanisms during direct shear loading of rock joints have also been carried out to obtain original insights into rock fracture shear behavior and asperity degradation. Rasouli and Harrison (2010) investigated the relation between Riemannian roughness parameter and shear strength of profiles comprising symmetric triangular asperities sheared at different normal stress levels. Asadi et al. (2012) extended the previous results with consideration of the shear strength and asperity degradation processes of several synthetic profiles including triangular, sinusoidal and randomly generated profiles. Zhao (2013) simulated singleand multi-gouge particles in a rough fracture segment undergoing shear and analyzed the behavior of gouge particles as function of the applied confinement. Another important mechanism of the failure process in rocks, such as the initiation and propagation of cracks from pre-existing flaws, has been analyzed using BPM. Zhang and Wong (2012) numerically simulated the cracking process in rock-like material containing a single flaw under uniaxial compression, while Zhang and Wong (2013) investigated the coalescence behavior for the case of two stepped and coplanar preexisting open flaws. The effect of confinement on wing crack propagation was studied by Manouchehrian and Marji (2012) . BPMs have been successfully applied to the study of damaged zones around underground openings. The spalling phenomena observed around the Atomic Energy of Canada Limited's (AECL) mine-by experiment tunnel were first simulated by Potyondy and Cundall (1998) formation process in terms of coalescence of ruptured bonds was provided by Potyondy and Cundall (2004) using a PFC2D model embedded in a continuum finite-difference model (Fig. 5a ). provided a micro-seismic simulation of the same excavation by comparing the actual seismicity recorded underground with the simulated spatial and temporal distribution of events. The effect of low stiffness spray-on liner of fracture propagation based on in situ conditions of the above mentioned mine-by experiment was numerically studied by Tannant and Wang (2004) . Similarly, Potyondy and Cundall (2000) used PFC2D to predict damage formation adjacent to a circular excavation in an anisotropic gneissic tonalite at the Olkiluoto deep geological repository. Fakhimi et al. (2002) showed that a BPM could match failure load, crack pattern, and spalling observed during a biaxial compression test on a sandstone specimen with a circular opening (Fig. 5b) . Numerical studies on thermally-induced fracturing around openings in granite were carried out by Wanne and Young (2008) (Scholtès et al., 2011; Harthong et al., 2012; Scholtès and Donzé, 2012) and grain interlocking (Scholtès and Donzé, 2013) in controlling the mechanical responses of 3D rock samples.
The universal distinct element code (UDEC)

Fundamental principles
In UDEC the computational domain is discretized into blocks using a finite number of intersecting discontinuities. Each block is internally subdivided using a finite difference, or a finite volume, scheme for calculation of stress, strain and displacement. Model deformability is captured by an explicit, large strain Lagrangian formulation similar to the continuum code FLAC (Itasca Consulting Group Inc., 2012a). The mechanical interaction between blocks is characterized by compliant contacts using a finite stiffness together with a tensile strength criterion in the normal direction, and a tangential stiffness together with a shear strength criterion (e.g. Coulomb-type friction) in the tangential direction to the discontinuity surface. Similar to PFC, static problems are treated using a dynamic relaxation technique by introducing viscous damping to achieve steady state solutions.
When using the classic formulation of UDEC, rock failure is captured either in terms of plastic yielding (e.g. MohreCoulomb criterion with tension cut-off) of the rock matrix or displacements (i.e. sliding, opening) of the pre-existing discontinuities. That is, new discontinuities cannot be driven within the continuum portion of the model and therefore discrete fracturing through intact rock cannot be simulated. However, Lorig and Cundall (1989) showed that this shortcoming can be overcome by introducing a polygonal block pattern, such as the Voronoi tessellation, to the UDEC capability. As depicted in Fig. 6 , a physical discontinuity is created when the stress level at the interface between block exceeds a threshold value either in tension or in shear. Although new fractures are so propagated, this technique is not based on a linear elastic fracture mechanics (LEFM) approach. That is, unlike classic LEFM models, fracture toughness and stress intensity factors are not considered. Furthermore, material softening in the FPZ, typically captured using cohesive-crack models, is disregarded.
Although polygonal block models are computationally more expensive than particle-based ones, they can provide a more realistic representation of the rock micro-structure (Lemos, 2012) . Owing to the full contact between grains and better interlocking offered by the random polygonal shapes, the grain-based UDEC model overcomes some of the limitations of parallel-bonded particle models, as further described below.
Applications
Owing to the above mentioned characteristics, grain-based DEMs have been employed to study the fracturing behavior of rocks. Christianson et al. (2006) used a grain-based UDEC model to numerically complement laboratory testing on a lithophysal rock under confined conditions. The mechanical degradation of the same rock type was investigated by Damjanac et al. (2007) using a similar technique. The model was then upscaled to study the stability of emplacement drifts at Yucca Mountain under mechanical, thermal, and seismic loading as well as time-dependent effects. Using a UDEC-Voronoi model, Yan (2008) investigated the laboratory-scale step-path failure (e.g. wing cracking and fracture coalescence) in a sample containing pre-existing joints with application to slope stability problems. A similar approach was adopted by Lan et al. (2010) to numerically assess the effect of heterogeneity on the micromechanical extensile behavior during compressive loading on Lac du Bonnet Granite and Äspö Diorite. The model directly incorporated several sources of heterogeneity, including microgeometric heterogeneity, grain-scale elastic heterogeneity, and microcontact heterogeneity. A calibration procedure to determine a unique set of micro-parameters for a grain-based UDEC model was developed by Kazerani and Zhao (2010) (Fig. 7a) . A series of numerical experiments (i.e. uniaxial/biaxial compression and Brazilian tension) were used to assess the relationship between macro-and microparameters. The model was also shown to correctly capture the ratio of compressive to tensile strengths of rock samples measured in the laboratory, therefore overcoming some of the original defects of parallel-bonded particle models. Finally, the grain-based UDEC approach was also employed to study the effect of joint persistence on the evolution of damage during direct shear tests (Alzo'ubi, 2012) . Last, it is worth mentioning three approaches that were proposed to capture fracture processes in UDEC as an alternative to the adoption of a polygonal structure. Firstly, based on fracture mechanics considerations, a time-dependent joint cohesion was implemented by Kemeny (2005) to capture the progressive mechanical degradation during the failure of rock bridges along discontinuities. The model was validated using several laboratoryscale examples and then was used to investigate the timedependent degradation of drifts for the storage of nuclear waste at Yucca Mountain. Secondly, Jiang et al. (2009) developed an expanded distinct element method (EDEM) based on UDEC whereby potential cracks, with bonding strengths equivalent to the rock matrix, are pre-distributed within the model based on the plastic regions and direction of principal stresses obtained from a preliminary elasto-plastic analysis. The approach was applied to the simulation of cracking around a large underground excavation in a blocky rock mass. Lastly, Kazerani et al. (2012) implemented a UDEC model which represents the rock material as a collection of irregular-sized deformable triangles with cohesive boundaries controlling the material fracture and fragmentation properties (Fig. 7b) . A reasonable agreement was found between numerical simulation and experimental laboratory results of compressive, tensile and shear tests on plaster (Kazerani, 2013) . As further illustrated in Section 3.2, this model shares several characteristics of the Y-Geo implementation of the combined FDEM.
The discontinuous deformation analysis (DDA) method
The DDA method is an implicit DEM originally proposed by Shi and Goodman (1988) to simulate the dynamics, kinematics, and elastic deformability of a system contacting rock blocks. Similar to classic finite element formulations, the governing equations are represented by a global system of linear equations which are obtained by minimizing the total potential energy of the system. Displacements and strains are taken as variables and the stiffness matrix of the model is assembled by differentiating several energy contributions including block strain energies, contacts between blocks, displacement constraints and external loads. An implicit formulation is used to solve the system of equations. In the basic DDA implementation, each block is simply deformable as the strain and stress fields are constant over the entire block area. However, improved deformability models can be achieved by introducing higher order strain fields or by subdividing each block into a set of simply deformable sub-blocks (Lin et al., 1996) . The imposition of contact constraints between blocks can be obtained by a number of methods including the penalty method, the Lagrange multiplier method or the augmented Lagrangian method. The frictional behavior along block interfaces is modeled by a MohreCoulomb criterion.
Traditionally, DDA simulations have been employed to capture failure along predefined structural planes in blocky rock masses (e.g. Hatzor and Benary, 1998; Bakun-Mazor et al., 2009; Hatzor et al., 2010) . Nevertheless, some attempts have been made to introduce fracturing capabilities within the DDA framework. The simplest technique is similar to the UDEC-Voronoi approach: fracturing is captured as debonding of artificial block interfaces if a MohreCoulomb with tension cut-off criterion is locally violated (Ke, 1997) . A second approach involves comparing the maximum and minimum principal stresses calculated at each block centroid with a three-parameter MohreCoulomb criterion. If the criterion is satisfied, appropriate fracture plane directions are computed (i.e. one axial splitting plane in tension or two conjugated planes in shear) and the block is then subdivided into multiple sub-blocks. Simple validation of this method was presented by Koo and Chern (1997) using uniaxial and confined compression as well as uniaxial tension test models. Finally, Lin et al. (1996) proposed an algorithm based on an iterative sub-block approach which allows one to capture continuous crack growth from the tip of a preexisting flaw.
Recently, a new method, known as the discontinuous deformation and displacement (DDD) method, has been developed by Tang and Lü (2013) by merging DDA with a continuum-based damage mechanics code, namely the rock failure process analysis (RFPA) program (Tang, 1997) . The model aims at combining the advantages of DDA to capture the large-displacement mechanics of Fig. 7 . Simulations of rock failure under compression using UDEC. (a) Uniaxial compression test on Augite granite using a grain-based model (after Kazerani and Zhao (2010) ). (b) Uniaxial compression test on plaster using a cohesive boundary approach (after Kazerani et al. (2012)). discontinuous systems with the capabilities of RFPA to simulate the small-strain deformational mechanisms characterizing the failure process of intact rock material.
The hybrid finiteediscrete element method (FDEM)
In the hybrid continuumediscontinuum technique known as the combined FDEM, the simulation starts with a continuous representation of the solid domain of interest. As the simulation progresses, typically through explicit integration of the equations of motion, new discontinuities are allowed to form upon satisfying some fracture criterion, thus leading to the formation of new discrete bodies. In general, the approach blends FEM techniques with DEM concepts (Barla and Beer, 2012) . The latter algorithms include techniques for detecting new contacts and for dealing with the interaction between discrete bodies, while the former techniques are used for the computation of internal forces and for the evaluation of a failure criterion and the creation of new cracks. Hybrid finiteediscrete element models should not be confused with coupled continuume discontinuum approaches (e.g. Pan and Reed, 1991; Billaux et al., 2004) which represent the problem of far-and near-fields using continuum-based and DEM techniques, respectively. a b c failure direction Klerck (2000) . Fig. 9 . Simulation of borehole breakout in different rock types using ELFEN; left: brittle failure, right: ductile failure (after Klerck (2000)).
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In the following sections, the fundamental principles of two common FDEM implementations are briefly illustrated, namely ELFEN (Rockfield Software Ltd., 2004) and Y-Geo (Munjiza, 2004; Mahabadi, 2012) , as well as their applications to the study of the fracturing behavior of rocks.
ELFEN
Fundamental principles
The continuum formulation of ELFEN is based on the explicit finite element method. Material softening (or hardening) is captured using a non-associative MohreCoulomb elasto-plastic model with shear strength parameters, including cohesion, friction angle and dilation, defined as function of the effective plastic strain. The localization of strain is obtained by regularizing the standard description of the continuum with the incorporation of fracture mechanics principles in the equations governing the evolution of state variables (Owen and Feng, 2001; Klerck et al., 2004) . In particular, material softening associated with fracturing is captured under the main assumption that the quasi-brittle failure is extensional in nature. As thoroughly described by Klerck (2000) , the extensional failure is modeled directly and indirectly for the cases of tensile stress and compressive stress fields, respectively. Under direct tension, several constitutive models can be used such as the rotating crack and the Rankine tensile smeared crack. With these models, material strain softening is fully governed by the tensile strength and the specific fracture energy parameters. Under compressive stress fields, a MohreCoulomb yield criterion is combined with a fully anisotropic tensile smeared crack model. With this approach, known as the compressive fracture model, the extensional inelastic strain associated with the dilation response is explicitly coupled with the tensile strength in the dilation direction. That is, increments of extensional strain are associated with tensile strength degradation in the perpendicular direction.
Upon localization of damage into crack bands and complete dissipation of the fracture energy, a discrete fracture is realized. Hence, the transition from continuous to discontinuous behavior involves transferring a virtual smeared crack into a physical discontinuity in the finite element mesh (Owen and Feng, 2001 ). The mesh topology update is based on a nodal fracture scheme with all new fractures developing in tension (i.e. Mode I) in the direction orthogonal to the principal stress direction where the tensile strength becomes zero. This procedure is numerically accomplished by first creating a non-local failure map for the whole domain based on the weighted nodal averages of a failure factor, defined as the ratio of the inelastic fracturing strain to the critical fracturing strain. Secondly, a failure direction is determined for each nodal point where the failure factor is greater than one based on the weighted average of the maximum failure strain directions of all elements connected to the node. Finally, a discrete crack is inserted through the failure plane. As depicted in Fig. 8 , the insertion of a new crack can be accomplished using two different algorithms (Klerck et al., 2004) . The intra-element insertion drives a new fracture along the crack propagation direction by directly splitting the finite elements. In this case, a local adaptive remeshing may be necessary to achieve an acceptable element topology and avoid highly-skewed sliver elements that could decrease the numerical stability threshold of the integration time step. Conversely, with the inter-element insertion, the discrete crack is snapped to the existing element edge most favorably oriented with respect to the failure plane. Following the crack insertion, the damage variables in the adjacent finite elements are set to zero and the contact along the two newly-created surfaces is treated using a contact interaction algorithm (e.g. penalty or Lagrangian multiplier method).
Applications
First applications of ELFEN to modeling rock failure under compressive loads were proposed by Klerck (2000) . In particular, the simulation of borehole breakouts indicated that the aforementioned compressive fracture model of ELFEN can describe both the axial splitting typical of brittle materials and the shear failure usually observed in more ductile ones (Fig. 9) . A study of fracture development around deep tunnels was proposed by Sellers and Klerck (2000) using laboratory-scale models. As observed in the laboratory, the model could reproduce fractures developing subparallel to the excavation boundary as well as the confining effect of pre-existing joints on the development of damage. Moreover, the experimentally measured acoustic activity was analyzed using the release of kinetic energy simulated by the model as numerical equivalent. Coggan et al. (2003) described several examples of rock engineering application of ELFEN, including stability analysis of roof beams and pillars in underground excavations and rock slope stability problems. Klerck et al. (2004) proposed a quantitative analysis of compression tests on rocks with direct comparison of the load-displacement response and of the evolution of fracture development with experimental data (Fig. 10a) . This type of analysis was subsequently extended to 3D models that aimed at studying the influence of the intermediate principal stress on rock fracturing and strength near excavation boundaries (Cai, 2008) . The results clearly showed that the generation of tunnel surface parallel fractures and microcracks can be attributed to material heterogeneity and to the existence of relatively high intermediate principal stress as well as zero to low minimum principal stress confinement (Fig. 10b) . Investigations of failure behavior of rock specimens under indirect tensile stress conditions were first proposed by Cai and Kaiser (2004) and, more recently, by Cai (2013) . The simulation of crack initiation and propagation from a pre-existing flaw highlighted the influence of the flaw frictional resistance on the development of primary and secondary cracks as well as on the failure load. Application of ELFEN to the investigation of damage mechanisms (e.g. surface wear and tensile fracturing) along joint planes under direct shear conditions was illustrated by Karami and Stead (2008) . A discrete fracture rock mass model was proposed by Pine et al. (2006) by combining an ELFEN model with the fracture geometry generated by a DFN software. The approach was used to obtain insights into the influence of pre-existing joints on the rock mass behavior in underground pillars, rock slides, and block caving operations (Eberhardt et al., 2004; Pine et al., 2007; Elmo and Stead, 2010; Vyazmensky et al., 2010a,b) . Yan (2008) numerically analyzed fracture coalescence and rock failure mechanisms in laboratoryscale specimens containing step-path fractures. The study was also extended to the simulation of rock bridge fracture associated with potential toe breakout failure in large open pit slopes. Original application of ELFEN to the investigation of failure behavior of layered rocks can be found in Stefanizzi (2007) and Stefanizzi et al. (2008) .
Y-Geo
Fundamental principles
The continuum representation of Y-Geo is based on the discretization of the modeling domain with three-noded triangular elements together with four-noded cohesive elements embedded between the edges of all adjacent triangle pairs (Fig. 11a) . The elastic deformation of the bulk material is captured by the constant-strain, linear-elastic triangular elements with impenetrability between elements enforced by a penalty function method (Munjiza and Andrews, 2000) . Fracture nucleation within the continuum is simulated by the breakage of the cohesive elements (Munjiza et al., 1999) . Since fractures can nucleate only along the boundaries of the triangular elements, arbitrary fracture trajectories can be reproduced within the constraints imposed by the initial mesh topology. Unlike ELFEN, the mesh topology in Y-Geo is never updated during the simulation and re-meshing is not performed. Consequently, a sufficiently small element size should be adopted to reproduce the correct mechanical response (Munjiza and John, 2002) .
The constitutive behavior of crack elements is implemented in terms of relative displacement between opposite triangle edges and incorporates principles of non-linear elastic fracture mechanics (Fig. 11b) . Material starts to yield, in tension or shear, upon reaching a displacement value corresponding to the peak cohesive strengths. The Mode I peak strength is defined by a constant tensile strength, f t , while the Mode II peak strength, f s , is computed according to the MohreCoulomb criterion. The complete breakage of the crack A. Lisjak, G. Grasselli / Journal of Rock Mechanics and Geotechnical Engineering 6 (2014) 301e314element and thus the nucleation of a discrete crack are accomplished after dissipating the material fracture energy release rate, G c . Upon breakage of the cohesive surface, the crack element is removed from the simulation and therefore the model transition from a continuum to discontinuum is locally completed. A Coulomb-type friction is applied along every newly-created fracture. As the simulation progresses, finite displacements and rotations of discrete bodies are allowed and new contacts are automatically recognized (Munjiza and Andrews, 1998) .
Given the above modeling assumptions, the Y-Geo implementation of FDEM, rather than ELFEN's approach, can be considered closer to a fully discrete method. In ELFEN, a real transition from a continuous elasto-plastic medium to a solid with discrete fractures is accomplished by dynamically inserting cracks into the model. Conversely, the material representation of Y-Geo resembles one of a particle-based DEM with rigid particles and deformable particle bonds replaced by deformable triangles and cohesive elements, respectively.
Applications
Early applications of Y-Geo aimed at validating the adopted FDEM implementation in the context of the failure processes typically observed during standard rock mechanics tests on brittle rocks. Mahabadi et al. (2009) investigated the influence of loading rate and sample orientation during a Brazilian test simulation on a layered rock. Mahabadi et al. (2010b) simulated the behavior of a homogeneous rock sample under biaxial loading conditions. The model captured the main phenomena observed in a triaxial test including localization of failure, fracture initiation and evolution, increase of strength with confinement, and brittleeductile transition. Mahabadi et al. (2010a) showed good agreement between the experimental results of a high-strain-rate Brazilian disc test and Y-Geo simulation results in terms of tensile strength, failure time, and fracture mechanisms. Subsequently, the numerical experimentation with Y-Geo focused on the mechanical behavior of heterogeneous granitic rocks under different loading conditions. A procedure to incorporate actual micromechanical input parameters of the rock, together with the real distribution of mineral constituents, into a FDEM model was developed by Mahabadi et al. (2012b) . Overall, the simulation results showed that by including accurate micromechanical parameters and the intrinsic rock geometric features, such as spatial phase heterogeneity and microcracks, the model can more accurately predict the mechanical responses of rock specimens under indirect tension (Mahabadi, 2012) . Moreover, heterogeneity was shown to play a key role in controlling the non-linear stressestrain behavior associated with the damage progress under compressive loading conditions (Fig. 12a) . Further validation of the same model was also carried out by considering the acoustic activity reproduced during the numerical experiments .
More recently, the capabilities of Y-Geo were extended to capture the behavior of transversely isotropic rocks (Lisjak, 2013; Lisjak et al., 2014a,b) . The methodology was validated by investigating the laboratory-scale fracturing behavior of a clay shale, namely Opalinus Clay (Fig. 12b) , and the formation process of the excavation damaged zone (EDZ) around a test tunnel at the Mont Terri rock laboratory (Fig. 13) . Finally, Rougier et al. (2011) developed a 3D version of the Y-code of Munjiza (2004) and analyzed the effect of energy dissipation during the simulation of split Hopkinson pressure bar Brazilian experiments.
Concluding remarks
Modeling the failure process of brittle rocks represents a challenging task owing to several intrinsic features of the material mechanical behaviors, including strain localization, non-linear stresse strain response, and confinement dependent characteristics. At the rock mass scale, pre-existing discontinuities, such as faults and bedding planes, contribute to introducing further complexity into the problem. This review tried to summarize the use of both DEMs (either particle-or grain-based) and combined FDEM codes and their use to investigate the failure behavior of rocks under a variety of loading conditions. The introduction of bonds between discrete elements has extended the application of the DEM, which was originally developed to simulate the behavior of solids whereby pre-existing discontinuities have spacing comparable to the scale of interest of the problem under analysis (e.g. blocky rock masses, granular media), to capture the growth of new fractures. More recently, the FDEM, by combining fracture mechanics with FEM and DEM, has emerged as an appealing alternative numerical tool for rock mechanics applications where an explicit consideration of fracture and fragmentation processes is of paramount importance.
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